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Abstract

An exact calculation of the probability density func-
tion (p.d.f.) of |E|, the magnitude of the normalized
structure factor, can be developed in terms of Fourier
and Fourier-Bessel series whose coefficients can be
expressed in terms of the characteristic function. This
ar ‘cle provides the formulae for atomic contributions
to such characteristic functions. The results presented
in this study are applicable to all the plane groups
and to 206 three-dimensional space groups. Only the
space groups isomorphous to the cubic point groups
432, 43m and m3m were omitted due to the com-
plexity of the resulting expressions and the small
deviations of the corresponding densities from the
central-limit-theorem approximation, which have
been observed in simulations for extreme atomic
heterogeneities. Representative derivations illustrat-
ing the problems and techniques of their solution are
provided. All the theoretical results have been com-
puted numerically and compared with simulated dis-
tributions. Some results of these computations are
illustrated in the accompanying paper, Part VII of
this series [Rabinovich, Shmueli, Stein, Shashua &
Weiss (1991). Acta Cryst. A47, 336-340].

Introduction

The existing probability density functions (p.d.f.’s)
and other statistics of the magnitude |E| of the nor-
malized structure factor, which depend on the atomic
composition and the space-group symmetry, can be
classified in two groups. The older one comprises
approximate Gram-Charlier and Edgeworth ex-
pansions (e.g. Shmueli & Wilson, 1981; Shmueli,
1982), based on exact moments of the structure factor
(Wilson, 1978; Shmueli & Kaldor, 1981, 1983) and
ideal centric and acentric p.d.f.’s (Wilson, 1949).
More recent developments, which led to exact rep-

* Part V: Shmueli, Rabinovich & Weiss (1990).
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resentations of the p.d.f.’s and in many cases allow
for feasible numerical calculations, are the Fourier
and Fourier-Bessel series for the p.d.f.’s of |E| (e.g.
Shmueli, Weiss, Kiefer & Wilson, 1984; Shmueli &
Weiss, 1987, 1988). However, while the approximate
expressions are available for all the three-dimensional
space groups, the latter exact formulations have been
worked out for a small number of space groups of
low symmetry only. While it is true that deviations
from the popular central-limit-theorem approxima-
tion are greatest for the lowest symmetries, the pres-
ence of very significant deviations in space groups of
higher symmetry has been established from an
examination of the properties of exact moments
(Shmueli & Wilson, 1981) as well as from recent
simulations. These considerations suggest the utility
of having expressions for the characteristic functions
for all the space groups. Moreover, statistics of projec-
tion data have been limited to the relevant moments
of normalized intensity (Foster & Hargreaves, 1963)
and, in a more comprehensive study, to moments of
trigonometric structure factors (Shmueli & Kaldor,
1983). The corresponding Fourier or Fourier-Bessel
series for the p.d.f.’s of the plane groups have not
been calculated. 1t is desirable to do so since these
formulations can cope with departures from ideal
behaviour that are inaccessible to treatment by the
older approximate methods. The study of plane
groups also appeared most useful to us as it enables
one to discriminate between several non-centro-
symmetric space groups with equivalent three-
dimensional statistics by making use of projection
data.

The purpose of this paper is to present the results
obtained for the characteristic functions for all the
plane groups and the three-dimensional space groups
except those based on the three highest cubic point
groups. The next section summarizes the general
expressions for the p.d.f.’s and refers the reader to
the tables of characteristic functions for the sym-
metries treated here. Some representative derivations
are presented in Appendices A, B and C.

© 1991 International Union of Crystallography
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Results
The normalized structure factor is given, in general, by
E(h) =% nj[&(h)+in;(h)]=A+iB, (1)
j

where ¢ and 7 are symmetry-dependent trigonometric
structure factors. On making the assumption that
atomic contributions to the structure factor are
independent, one can express the characteristic func-
tion of E(h) as

Clw,, ;) =(exp[i(w;A+w,B)])
=ﬂ(CXP{i[wlé(h)+wzn,-(h)]}>- (2)

The average in (2) is evaluated under the assumption
that the arguments of the trigonometric functions
involved are uniformly distributed in the interval
[0, 27]. The present derivation is confined to the case
of all the atoms being located in general positions
and to general reflections. Anomalous-scattering
effects are neglected and we will assume that no
non-crystallographic symmetry affects the p.d.f.’s.
Shmueli & Weiss (1987) have shown that the
Fourier coefficients of the p.d.f. of |E| are just values
of the characteristic function at points related to
summation indices and that the p.d.f. takes the form

p(E|) =37a®|E| Y Y C(mau, mav)

x Jo[ ma| E|(u” + v%)"?] (3)

for non-centrosymmetric space groups and
p(|E]) = a{1+2 S C(mau) cos (7ruoz|E|)} (4)
u-=1

for the centrosymmetric ones, where the transform
variables w, and w, of the characteristic function have
been replaced by their Fourier-series equivalents wau
and mav respectively. Symmetry-dependent numeri-
cal coeflicients are omitted from (3) and (4). The
quantity « in (3) and (4) is the reciprocal of the
maximum value of |E| and is given by

N N
a'=Y n and n=f/3"°, withT=7Y f,
j=1 J=1

(5)

where f; is an atomic scattering factor. If the Fourier
coefficient depends on (u’+ v*)"/? rather than on u
and v separately, it is possible to write the p.d.f. for
non-centrosymmetric space groups as a single Four-
ier-Bessel series rather than the double Fourier series
(3) (Shmueli & Weiss, 1987). The Fourier-Bessel
p.d.f. is given by

P(E)=2a%E| L DJoanlED, — (6)

with
D, =[Ji(v)1'Clay.), (7)
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where J,(x) is the Bessel function of the first kind,
of the first order, v, is the uth root of the equation
Jo(x) =0 [the uth zero of Jy(x)] and C(avy,) is the
value of the characteristic function corresponding to
the uth term of the series.

All that is needed in order to derive the Fourier or
Fourier-Bessel p.d.f. of |E| for a given space group
is the corresponding characteristic function, and the
latter requires one’s ability to obtain a manageable
expression for the average in (2). The calculation of
these averages is straightforward in most space groups
of low symmetry (see e.g. Appendix A of Shmueli &
Weiss, 1987) but may become somewhat involved in
cases of higher symmetry. One class of problems that
we tackle is of a strictly computational nature, e.g.
how to transform a given expression into one with
more favourable convergence properties. We illus-
trate this in Appendix A by the derivation of the
characteristic function for the space group P4.
Another problem to be addressed is that of the depen-
dence of the arguments of the trigonometric functions
that make up the trigonometric structure factor. This
problem occurs in most groups of the hexagonal
family and the question is how should this depen-
dence be treated. Appendix B illustrates this issue by
presenting two methods for deriving the characteristic
function for the plane group p3: a direct one and one
obtained using the Dirac delta distribution. It appears
that the above direct method is preferable for cases
of low algebraic complexity [such as, for example,
our study of the three-phase invariant (Shmueli,
Rabinovich & Weiss, 1989)] and the &-function
approach is advantageous when more complex
expressions are to be analyzed. A routine application
of the & function to our work is illustrated by the
derivation in Appendix C.

Atomic characteristic functions for the 17 plane
groups are given in Table 1 and those for the 206
space groups - collected in 69 classes - are shown in
Table 2. The present subdivision of the space groups
is the same as that used by Shmueli & Kaldor (1981,
1983) in their study of moments of the trigonometric
structure factors. The functions are given in the tables
in terms of Bessel functions or related functions
explicitly defined in the caption to Table 1 and the
footnote that accompanies Table 2. All of the atomic
characteristic functions shown in Table 2 can be
reduced to real quantities either because the
imaginary parts do not appear in the first place or
because they vanish upon integration. The integration
ranges shown in the footnote to Table 2 refer to the
(relevant) real parts of the atomic contributions only.
This is not the case for the last four functions shown
in Table 1. The Fourier coefficients for hexagonal
plane-group p.d.f.’s can be calculated in terms of the
real part of a product of complex atomic contribu-
tions. The p.d.f.’s to be employed are chosen in
the following manner. If the space group is
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Table 1. Atomic characteristic functions for the 17
plane groups

The table shows the number, g, of asymmetric units in the unit
cell of the plane group indicated and the atomic contributions to
characteristic functions of E.

The atomic characteristic functions for the last four plane groups
in the table are given in terms of the function

©

P(a,p)= ¥ exp3ikp)ilan)).

The atomic characteristic functions are real and even, i.e.
C(~w,,w;) = Clw,, ~w,) = Clw,, w;)=C(-w,, —w,) and
C(—w,) = C(w,), except those in the last four lines in the table.
The real parts of P(w,, w,) and P(w,) are even while the imaginary
ones are odd.

Atomic
characteristic
Plane group(s) g function
pl 1 Jolwn,)
p2 2 JoQRw,n,))
pm, pg 2 Jilw,,)
cm 4 J3(2wn,)
pmm, pmg, pgg, p4 4 J,Z,(Zw,n,)
cmm 8 J,Z,(Aw,n,)
pam, pdg 8 Jown,)
p3 3 Plw, 4)
p3ml, p3lm 6 Plw, )
pé 6 P (2w, m/2)
pém 12 P(2w,, 7/2)

centrosymmetric (i.e. the atomic characteristic func-
tion depends only on a single Fourier transform vari-
able, w,), (4) is to be used. The p.d.f. of |E| can be
computed from (3) for any non-centrosymmetric
space group; however, the more expedient Fourier-
Bessel series (6) can be used when the atomic charac-
teristic function depends on w = (w’+ w3)'/? alone.
A convenient algorithm for the computation of the
required roots of J,(x) is given by Shmueli er al
(1984). Thus, the double Fourier summation (3) must
be used only if the atomic characteristic function
depends on both w and 4 =tan™'(w,/ w,).

Generalizations of the present results, in which
effects of dispersion and some kinds of non-crystallo-
graphic symmetry are accounted for can be treated
along the lines of the work of Shmueli, Rabinovich
& Weiss (1990).

All of the p.d.f.’s based on the characteristic func-
tions shown in Table 2, and the hexagonal ones in
Table 1, were computed numerically and are com-
pared with the corresponding simulated distribution
of | E| and the p.d.f.’s based on Wilson (1949) statistics
in the following article (Rabinovich, Shmueli, Stein,
Shashua & Weiss, 1991). It will suffice to point out
here that all these Fourier and Fourier-Bessel series
p.d.f.’s converge well and display significant devi-
ations from the ideal behaviour for many space
groups of higher symmetry.

Preliminary examinations of some of the last 24
cubic space groups, which we have not included in

EXACT RANDOM-WALK MODELS. VI

Table 2. Atomic characteristic functions for the p.d.f.
of E, for most three-dimensional space groups.

The table lists the expressions for the atomic characteristic func-
tions, corresponding to the p.d.f. of E, for all the space groups
except those based on the cubic point groups 432, 433m and m3m.
The column labelled Space group(s) gives the symbols of space
groups or sets of statistically equivalent space groups and the
associated point groups; the second column, g, contains the number
of asymmetric units in the unit cell for the symmetry indicated;
the third column, labelled Atomic characteristic functions lists the
expressions for the atomic characteristic functions in symbolic
form, explicitly defined in the footnote section of the table. The
last column, Remarks, lists the parities of reflection classes, for
which different expressions of the atomic characteristic functions
are obtained.

Atomic
characteristic
Space group(s) g functions Remarks
Point group: 1
P1 1 Jolwn;)
Point group: 1
41 2 Jo(2w,n))
Point groups: 2, m
All P 2 J3(wn;)
All C 4 Jy(2wn)
Point group: 2/m
All P 4 J32w,n)
All © 8 Jo(4wyn)
Point group: 222
All P 4 L(w, 4)“
All C and [ 8 L(2w,4)
F222 16 L,(4w,4)
Point group: mm?2
All P 4 L{w,0)
All A, C and | 8 L,(2w,0)
Fmm? 16 L (40,0)
Fdd?2 16 L,(4w,0) h+k+1=2n

16 Li(dw, 7/4) h+k+1=2n+1

Point group: mmm

All P 8 L(2w,,0)
All C and 1 16 L(4w,,0)
Fmmm 32 L;(8w,,0)
Fddd 32 L,(8w,,0) h+k+1=2n

32 L,(8w,, m/4) h+k+1=2n+1

Point group: 4

P4, P4, 4 Li(w,0)
P4} 4 L(w,0) I=2n
4 L(w, m/4) I1=2n+1
14 8 L,(2w,0)
14, 8 L,(20,0) 2h+1=2n
8 L(2w, 7/4) 2h+1=2n+1
Point group: 4
Pa 4 Li(w,4)
14 8 L,(2w, 4)
Point group: 4/ m
All P 8 L(2w,,0)
14/ m 16 L,(4w,,0)
14,/a 16 L,(4w,,0) I=2n
16 L(4w,, m/4) 1=2n+1
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Table 2 (cont.)

Atomic Atomic
characteristic characteristic
Space group(s) & functions Remarks Space group(s) & functions Remarks
Point group: 422 Point group: 6
P422, P42,2, P4,22 P6 6 H{(w, 4)
P4 (1) (b)
P:r;(; * 13212'22 2* 2 gf“tw' j; 1=2 Point group: 6/m
s Tha . sz’(w'A)“" 1:2"+ P6/m 12 H"Qw,, 7/2)
5 Ve =2n+1 P6y/m 12 HYQw,, 7/2) I=2n
1422 16 Q"(20, 4) )
0 12 H"(2w,,0) I=2n+1
14,22 16 Q" (2w, 4) 2k+1=2n
16 jz’(Zw, 4) dk+1=2n+1 Point group: 622 .
poi . P622 12 A w, 7/2,-7/2,4)®
o/:;: g;"“P‘ " 8 ) P6,22* 12 A (@, 7/2,~7/2,4) [=6n
o 14 Q, (.0 12 H%(w,0,0,4)" I=6n+1,6n+5
14'""; ldcmd ]2 Q(,”(Zw,O) 12 A% (w,7/2,7/2,4) I=6n+2,6n+4
ymd, 14, c :6 O:”gw,O)A 2k+1=2n 12 A"M(w,0,0,4) I=6n+3
o Q; (2w, m/4) Zk+1=2n+1 P6,22* 12 A, m/2,-7/2,4) 1=3n
Point groups: 42m, 4m2 12 A0, /2, 7/2, 4) I=3n%1
AlLP o8 Q'M(w, 4) P6522 12 AMV(w, n/2,-7/2,4) I=2n
182m, 14m2, 14c2 16 Q" (2w, 8) 12 H"(0,0,0,4) I=2n+1
182d 16 QV(2w, 4) 2h+1=2n Point group: 6mm
(2) -
16 Q"'2w, 4) 2h+1=2n+1 P6mm 12 Hﬁ”(w, /2, 7/2,0)
Point group: 4/ mmm Pécc 12 H{ (0, m/2,7/2,0) I=2n
All P 16 0'"(2w,,0) 12 f:l(,l)(w, w/2, —w/2,0) I=2n+1
14/ mmm, 14/ mcm 32 05”(4(0,,0) P63cm, P63me 12 H‘;l)(w, m/2,m/2,0) 1=2n
14,/amd, I43,/acd 32 Q'V(dw,,0) I=2n 12 HY(0,0,0) I=2n+1
32 le)(“""l s 7/4) I=2n+1 Point groups: 62m, 6m2
Point group: 3 P62m, P6m2 12 A", 4,4,0)
All P and R 3 Jiwn,) P62c, P6c2 12 Ao, 4, 4,0) I=2n
. - 12 A" (w, 4+ 7/2, I=2n+1
Point group: 3
3 -4A-7/2,0)
All P and R 6 J32w,n;)
Point group: 6/ mmm
Point group: 32 ) P6/ mmm 24 AVQw,, 7/2,7/2,0)
All P and R 6 Ti(w, A)'" P6/ mcc 24 A" Qw,, 7/2,7/2,0) 1=2n
Point group: 3m 24 A" Qw, /2, -7/2,0) I=2n+1
P3ml, P31m,R3m 6 T(w, 7/2) P6./ mem, 24 H"Qw,, 7/2,7/2,0) I=2n
P3cl, P31c, R3¢ 6 Ty(w, 7/2) [=2n(P), P6,/ mmc 24 H"(2e,,0,0,0) [=2n+1
h+k+1
~2n(R) Point group: 23 ,
6 T(w,0) I=2n+1(P), P23, P2,3 12 L}(w, 4)
bt k4] 123,12,3 24 L) (2w, 4)
—20+1(R) F23 48 L} (4w, 4)
Point group: 3m Point group: m3 N
Piml, P3lm, R3m12  T,20,,7/2) Pm3, Pn3, Pa3 24— L,(20,,0)
Picl, P31l Ric 12 T,2w, 7/2) I=2n(P), Im3, Ia3 8 L34, 0
1 Fi 3
htk+l m3 96 L;(8w,.0)
= 2n(R) Fd3 96  L)(8w,,0) h+k+1=2n
3
12 T(2w,0) I1=2n+1(P), % LBe.n/4) htkel=an+l
h+k+l1 Definitions of atomic characteristic functions
=2n+1(R) The definitions of all the symbols used in Table 2 are summarized below.
) The transform variables of the atomic characteristic function are w, for
Point group: 6 . o centrosymmetric space groups and w = (wf + wi)”z, A =arctan (w,/ w,) for
P6 6 Hi (w, m/2) the non-centrosymmetric ones. The following abbreviations are used in the
P6¥ 6 H{(w, 7/2) [=6n subsequent definitions of the symbols:
6 Hz:(w,o)(“ I=6n+1,6n+5 s, =2an;sin (¢ £ p), ¢, =2an, cos (¢ £ p) and o, = 2an, sin (¢ +27/3+p).
6 H. " (w, 7/2) I=6n+2,6n+4
6 H(w0) I —ént3 (a) L(a,p)=(o(s.Mo(s D
i (o,
P6* 6 H"(w, 7/2) [=3n _ 3 a
6  HPw n/2) I=3n%1 =, L cos (ko) ilan)
P6 6 H " (w, #/2) I=2n @
' 6 Hw0) I=2n+1 :Jg(a"’szz.cos (4ko) i (am;)
! A -
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Table 2 (cont.)
Definitions of atomic characteristic functions
(b) Q" (a, p) =(J3(sHF(s N

(e) Q(a, p) = (ol ) o) ole) ol e Mg

«

(d) T,(a.p)— z

=-cc

exp (6ikp)JS (an,)

=Jg(an)+2 Y cos(6kp)JS(an;)
k=1

(e
o

(g) !-.l}”(a, , ia, p) = (Re [Sjn(w; a, py, 9)55”(4’2 a,p2,—p)e-

H{V(a, u) = (Re [$(¢; a, 11, 0)]),,.

-

H{a, u)=(Re[SP(¢; a, n 0)D),,.

(hy A(a, uy, 12, p) =(Re[$7(0; a, 11, 0)S (05 a, 3. =)D,
where

<

$0(e;sa,mp)= T exp(3iku)i(s)
k

and

x©

SPeiamp)= T exp(Biku)d(s) (o) (o0).
All the atomic characteristic functions, derived in this work, can be reduced
to real quantities. The following symmetry relations hold: C(w,, w;) =
Ci(~w;, w;) = C(w,, —w;) = Ci(—w,;, —w;) for the non-centrosymmetric
groups, for which double Fourier series have to be computed, and C,(w,) =
Cj(—w,) for the centrosymmetric ones. In most, but not all, cases, Cj(w,, 0)
and C;(0, w,) are also equivalent.

The averages appeanng in the above summary are, in general, computed

as (f(e)) (2/#)] f(p) de, except H ) and Hm which are computed
as (3/1r)r Slo)de, where f(¢p) is any of the atomlc functions indicated
above.

* And the enantiomorphous space group.

this paper, led to highly unwieldy expressions. Before
considering whether their detailed study by the
Fourier method is indeed worthwhile we decided to
simulate the corresponding distributions of |E| and
compare the simulations with the ideal Wilson (1949)
p.d.f.’s. The computations were performed for a
model asymmetric unit containing 14 C atoms and
one U atom, i.e. for a strongly heterogeneous compo-
sition. The results indicate that the distributions of
|E| for most cubic space groups are insensitive to
atomic heterogeneity. Even in those few cases where
deviations from ideal behaviour are significant they
are not likely to give rise to misleading indications
of the Wilson (1949) p.d.f.’s when applied to highly
heterogeneous cubic crystals with all the atoms in
general positions. This is further discussed elsewhere
(Rabinovich et al., 1991).

This study was supported, in part, by grant no.
88-00210 from the Binational Science Foundation
(BSF), Jerusalem. All the computations related to this
work were done on a Cyber 180-990 at the Tel Aviv
University Computation Center.
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APPENDIX A

Derivation of the characteristic function for the
space group P4

This derivation illustrates techniques and results used
to derive the characteristic functions for some space
groups of orthorhombic and tetragonal systems in
addition to the cubic ones for which results have been
obtained. The normalized structure factor for P4 is
given by E = A+ iB, where

N/4
A=4 Zl n; COs @; COS A; COS w;
iz

and (A1)
N/4
B=4 } n;sin ¢ cos A, cos y;,
j=1
where
A =a[(h—k)x;+(h+k)y],
wj=m[(h+k)x;—(h—k)y;] and ¢;=2nlz; (A2)

(International Tables for X-ray Crystallography, 1965).
If we make use of the assumptions outlined earlier
the characteristic function, formally defined as
C(w,, w;) ={(exp [i(w;A+ w,B)]), can be written

co, )= {tremn | T T apar an

x exp [4injw sin (¢ + 4) cos A cos p,]},

(A.3)

where o =(w}+®3)"? and A=tan ' (w,/w,). The
phase 4 can be eliminated by a change of the ¢
variable. If we now make use of the integral rep-
resentation of the Bessel function Jy(x),

Jo(x)=(1/27) ]I exp (ixsin B8)dB

(Gradshteyn & Ryzhik, 1980; 8.411-1) and the known
definite integral

}r Jo(2z cos x) cos (2nx) dx = (—1)"wJi(2)

(Gradshteyn & Ryzhik, 1980; 6.681-5), we can reduce
(A3) to

N/4

I1 {(1/27r) | duJi2nw COS;.L)}

Clw)

=1
h]’] {(1/27r) T du J5(2nw sin ;L)}. (A.4)

The integral in (A.4) can be evaluated numerically
but it is possible, and far more efficient, to convert it
into a series which converges quickly. This can be
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done by means of the expansion
JzsinB)= ¥ Ji(z/2)exp (ikB), (A.S)
k= -oc

which is a special case of the addition theorem for
Bessel functions (Gradshteyn & Ryzhik, 1980; 8.531-
3), as follows

(1/27) | duJ3(2nw sin )

= Z Z Ji("jw)-]%("jw)

k=-xl=-cc

x{(l/zw) f exp[i(k+1m]du}

= X > Ji(njw)‘,?("jw)skph

k=-00 {=—-00

(A.6)

where 8, _;, the Kronecker delta, equals 0 or 1 accord-
ing as k # —1 or k= —I respectively, with the con-
sequence that

Clw)= § Jz(n,w)=.’8(njw)+2 { J:(njw).
k=—-a k=1
(A7)

Only the first few terms of the series in (A.7) are
required for most practical purposes. An asymptotic
approximation to the integral in (A.4) also exists
(Stoyanov & Farrell, 1987) but its usefulness is limited
to large values of the argument, ie. to terms in the
Fourier or Fourier-Bessel series with large summa-
tion indices. We made no use of it in this study.

APPENDIX B

Derivation of the characteristic function for the
plane group p3

This derivation illustrates much of the methodology
used in the derivations of characteristic functions for
plane groups and space groups containing a unique
threefold or sixfold axis. The normalized structure
factor for p3 is given by E = A +iB, where

N/3 3 N/3 3
A=3Y n Y cospy and B= Y n; Y sinpuy
j=1 " k=1 j=1 " k=1
(B.1)
with
iy =2m(hx; + ky;),  pj=2mw(kx;+iy;) (B2)

and  u;y=2w(ix; + hy;),

where i = —h — k (International Tables for X-ray Crys-
tallography, 1965). Note that only two of the w’s can
be independent and the remaining one is found from
the relation p;, + p;, + ;3 =0.
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If we make use of our earlier assumptions, the
characteristic function can be written

C(w,, w,)=(exp[i(w;A+w,B))]) (B.3)
= )\I’/ls <exp {i"j 23: (w) cos pj
j=1 k=1
+ w, sin ,u,,k}>, (B4)

where use has been made of the assumption of
independence of the atomic contributions. If we set
w,=wsin 4 and w;=w cos 4, so that tan 4 = 0,/ w,
and w = (w?+w?)?/?, we obtain

3

N/3 R
Clo,4)=1] <exp {injw Y. (sin 4 cos pjx
i

k=1

+cos 4 sin p,,k)}> (B.5)
N/3 3
=1 <exp{in,~w y sin(,u,Jk+A)}>
Jj=1 k—1
N/3
= [] Ciw, 4). (B.6)

The assumption of uniform distribution of the atomic
phase factors allows us to rewrite the average in ( B.6)
as

Cw, 4)=[1/(2m)7] | | exp linw[sin (u,+4)

+sin (u,+4)
+sin (—py—po+4)] duy dps.

The integral in (B.7) can be computed numerically,
but it is possible and much more efficient to convert
it into a rapidly converging series. This can be done
with the aid of the identity

(B.7)

exp (ix sin B) = i Ji(x) exp (ikB)

k=-o

(e.g. Gradshteyn & Ryzhik, 1980; 8.511-3), where
Ji(x) is a Bessel function of the first kind and of
order k. By making use of this identity we can then
rewrite (B.7) as

Cilow,4)= E OZC; § Ji(nw) J,.(njw)

k=—oc m=--xn- o

x J,(nw) exp [i(k+m+n)A]

<1771 | § explitk—n)m,]

xexp[i(m—n)u,]du, du, (B.8)
= i exp (3ikA)J i (nw) (B.9)

k=—x
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since the integral on the second line of ( B.8) evaluates
to 8x.0mn, Where 8, is the Kronecker delta (cf. Appen-
dix A).

An evaluation of (B.6) that preserves symmetry
makes use of the periodic Dirac é distribution, i.e.
8n(x) =372 _» 8(x—jh) (e.g. Bremermann, 1965).
When this representation is inserted into (B.6), it is
transformed into

N/3 7T wmow
Clw, 4) = H {([1/(277)2] j j j du,dp, dus

Jj=1 -7 -7 -7

X 8yn(pyt 2t ps)
Xexp[injw 23: sin (,u.k+A)])}. (B.10)
k=1

A most convenient implementation of the Dirac delta
distribution, in the present context, is its Fourier-
series representation:

5211(#1 +,U~2+I1-3)
=<1/2w>k§ exp [—ik(u,+pa+ )] (B11)

(e.g. Bremermann, 1965). If we substitute (B.11) into
(B.10), we obtain

N/3 © -
C(w,4)=1] { > [(1/277) _I exp [—iku

J=1

3
+inw sin (u +4)] d,u.] } (B.12)

The summand in (B.12) is related to the integral
representation of a kth-order Bessel function. A
change of variable u'=pu+A4 leads to —iku=
—iku'+ ikA, sin (u +4) =sin ' and the appearance
of the phase factor exp (ik4). Finally, we find

N/3 o)
Clw,4)= 1] { Y exp (3ikA)[(1/217)
k=—00

Jj=1

™

x |

-7

3
exp (—ikp + injw sin ) du] } (B.13)

N/3 o0
=] { Y exp (3ikA)Ji(njw)} (B.14)

j=1 Lk=-o0
(e.g. Gradshteyn & Ryzhik, 1980; 8.411-1), in agree-
ment with the result obtained by our previous method.

APPENDIX C

Derivation of the characteristic function for
P6c2 with I=2n+1

We next illustrate the derivation of the characteristic
function of the p.d.f. p(A, B), where E=A+iB is
the normalized structure factor, for the hexagonal
space group P6¢c2, for the parity I =2n+ 1. The corre-
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sponding real and imaginary parts of E are given by

N/12 3
A=-2 Y nsing; ¥ (singy+sindy) (C1)
j=1 k=1

and
N/12 3

B=2 Y n;sing; Y
j= k

ji=1 =1

(cos pjx —cos Ay), (C2)

where
M =27T(hxj+ ky,»), I~Lj2=277(k~xj+ i)’j),
w3 =27 (ix; + hy;),
Ajl = 27T(kxj+hyj)’

Aj3=2m(ix; + ky;)

Aj =2z (hx; + iy;),

and ¢; = 27rlz;. The form of the trigonometric structure
factor given in (C.1) and (C.2) corresponds to the
format in the forthcoming Volume B of International
Tables for Crystallography (Shmueli, 1991). Each of
these angular variables can be regarded as being
uniformly distributed on [0, 27], but only two of the
w’s and two of the A’s are independent since Y u,, =0
and Y A,=0. The characteristic function for the
required p.d.f., defined as a product of individual
atomic contributions, is given by
N/12

Clw,, w;) =(exp [i(w;A+ w,B)]) = H q(wlyw2)9

j=

(C3)
where it was assumed that the atomic contributions
to the structure factor are independent and the averag-
ing extends over all the angular variables after proper
account has been taken of the dependence between
the u’s and A’s. If we change to the polar coordinate
form w, = w sin 4 and w, = w cos 4 and rearrange the
trigonometric part of (C.3) to the more convenient
form

3
Y [—w(sin pjx +sin Ay) + wy(cos pu —cos Ay)]
k=1

3
=w 2 [cos (uy+A4)—cos (A, —4)],
k=1

the atomic characteristic function in (C.3) can be
transformed to

Cilw,, wy)

=[1/(27)°] § de
x] [ I f du,dp, dps dA, da, da,
X8y (prt pyt p3) 82 (A,+ A5+ A3)

3
X exp {2injw sin ¢ 1;1 [cos (e +4)

—cos(/\k-A)]}. (C4)
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The integral (C.4) is now conveniently evaluated with
the aid of the Fourier representation of the periodic
8 distribution (e.g. Bremermann, 1965)

8,.(a)=(1/27) k§ exp (—ikp).  (CS)

Since the a’s are equivalent, and so are the B’s, we
obtain

m

Ci(w,, wy)=(1/2m) I de 2,2;, (C.6)
where
g’j:[l/(zﬂ)z] ]' ]-' ]-’ dp, dpy dus

- -7 -7

X8 (py+ pyt pus)

3
X exp |:2in,w sing Y cos (y,j,,,+A)] (C7)
m=1

(e

> {(1/277) f exp [—iku

k=-x

I

3

+2inw sin ¢ cos (u +A)]dp.}A. (C.8)

The change of the variable u'=u +(4 + 7/2) allows
us to rewrite this as

x 1
P, = k_z_ exp [3ik(A+ 772)]{;

3
X J exp (—iku'+2in;w sin ¢ sin u') d,u'} s

(C9)
which can be written, using the integral representation
of a kth-order Bessel function Ji(x), as

P = § exp[3ik(A+7r/2)]J‘Z(2njwsin<p) (C.10)

k=—2

(e.g. Gradshteyn & Ryzhik, 1980, equation 8.411). If
we follow the above procedure with the variable
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change A'=A — (4 + 7/2), we obtain for the quantity
9, in (C.6)

9= ¥ exp[-3il(A+7/2)]Ji(2nw sin ¢).

l=—x¢
(C11)

The characteristic function for the space group con-
sidered is therefore given by (C.3), where the atomic
characteristic function is computed from (C.6) with
(C10) and (C.11). Since %; and 2; are complex

J
conjugates, the imaginary part of 2,2, vanishes, and
because of the symmetry of the integrals involved the
relevant entry for this space group is computed as

Ciw,, w))= HV[w, (A+7/2), —(4+7/2),0]

w/2
=2/7 | Re(22)de¢.
0
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